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Abstract 



1 Introduction 



The AKSZ construction [T][2][3] is a formulation of a topological field theory (TFT) based on 
geometry of a graded symplectic manifold, so called a QP-manifold. It is equivalent to the 
Batalin-Vilkovisky formalism |1] [3] in a gauge theory if a TFT of Schwarz type is considered. 

A TFT in higher dimensions based in term of a graded manifold has been formulated in 
mathematical and physical contexts [6] [7] [8]. The resulting TFTs have structures of homotopy 
Lie algebroids and include known TFTs, such as BF theories, the Poisson sigma model, the 
Chern-Simons theory, etc. A review about recent developments related to algebroids and 
topological field theories are in |9]. 

An observable structure, which is a cohomology class of a complex on a Q-structure, in a 
TFT of AKSZ type has been analyzed in many papers [10] [11] [12] [13] [H] [15] . A new aspect 
of a classical observable is pointed out in this paper. Generally a Q-structure has double or 
multiple complex structures. As an interesting case. We analyze the AKSZ sigma model with 
a multiple complex structure in this paper. 

As an example, a TFT of AKSZ type in 4 dimensions is considered. A TFT of AKSZ 
type in 4 dimensions has been recently proposed based on a QP manifold of degree 3 [I6]. A 
homotopy algebroid structure in this theory is called a Lie algebroid up to homotopy [16] in 
a splittable case, or the H-twisted Lie algebroid [17] in general case. This theory includes a 
BF theory and a topological Yang-Mills theory in 4 dimensions as special cases. Donaldson 
polynomial invariants [19] [20] are constructed as a cohomology class of a triple complex of a 
Q-structure. 

The paper is organized as follows. In Section 2, a QP-manifold and an AKSZ construction 
are reviewed. In Section 3, a general theory and a multiple complex of classical observables 
of a TFT of AKSZ type is analyzed. In Section 4, a QP-manifold of degree 3 is reviewed. 
In Section 5, Donaldson polynomial invariants are constructed from a TFT of AKSZ type In 
Section 6, generalizations are considered. 
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2 QP Manifolds and AKSZ Construction of Topological 
Field Theories 

Definition 2.1 Let M. he a nonnegatively graded manifold^, u he a graded symplectic form 
of degree n on M. and Q he a differential of degree +1 with = 0. A triple {Ai,u),Q) is 
called a QP-manifold of degree n if u and Q are compatihle, that is, Cqu = 0. |^ 

The symplectic structure a; is a called a (classical) P-structure and Q is a called a (classical) 
Q-structure. The graded Poisson bracket on C°°{M.) is defined from the graded symplectic 
structure oj on A^, 

{f,g} = {-l)\f\+hx,ix,oo, (2.1) 

where a Hamiltonian vector field Xf is defined by the equation {f-,g} = Xfg, for f,g E 
C°°{Ai). Since the graded symplectic structure u has degree n, the graded Poisson bracket 
{ — , — } has degree —n. 

A Hamiltonian G C°°(A^) of Q with respect to the Poisson bracket { — , — } satisfies 

Q = {e,-}, 

and is of degree n + 1. The differential condition, = 0, implies that G is a solution of the 
classical master equation, 

{e,e} = o. (2.2) 

If a QP-manifold is given, we can construct a topological field theory by the AKSZ con- 
struction. 

Let {X,D) be a differential graded (dg) manifold X with a D-invariant nondegenerate 
measure /x, where D is a differential on X. Let {Ai,u), Q) be a QP-manifold. Q = {O, — } is 
a differential on Ai. Ma.p{X,A4) is a space of smooth maps from X to Ai. A QP-structure 
on Ma.p{X,Ai) is constructed from the above data. 

Since Diff(A') xDiff(A^) naturally acts on Map(A', A^), D and Q induce homological vector 
fields on M&p{X,M), D and Q. Explicitly, D{z,f) = df{z)D{z) and Q{zJ) = Qf{x), for 
z e X and / G M"^ . 

''A graded manifold is a ringed space with a structure sheaf of nonnegatively graded algebras. 
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Two maps are introduced. An evaluation map ev : A* x Ad'^ — > M. is defined as 

ev : (z, $) I — )■ ^{z), 

where z e X and $ e M"^ . 

A chain map jji^ ■.Vt*{Xx M^) — > ^*{M'^) is defined as 

IJ'*i^iy)ivi,...,Vk) ^ / ii{x)uj{x,y){vi,. . . ,Vk) 
Jx 

where is a vector field on X and /i is an integration on A". It is an usual integral for even 
degree parts and the Berezin integral for odd degree parts. 
A P-structure on Map (A", M.) is defined as follows: 

Definition 2.2 For a graded symplectic form ui on M., a graded symplectic form uj on 
Map(A', Al) is defined as (jJ :— //*ev*a;, where F,G e C°°{M). 

u} is nondegenerate and closed because /x*ev* preserves nondegeneracy and closedness. A 
graded symplectic form u induces a (graded) Poisson bracket { — , — } on Map{X,Ai). = 
— 1 because |a;| = n and |/u*ev*| = —n — 1. Therefore a Poisson bracket { — , — } on Map(A', 
has degree 1 and odd. 

An odd Laplace operator A on Ma,p{X,M.) can be constructed from an odd Poisson 
bracket if Map(A', M.) has a measure p. That is, it is defined as 

AF = ^ ' diYpXp, 

where F e C°°(Map(A, M)). Here the divergence div is defined as pX{F) — Jj^p diVpXF 
for F e C°° {Meip{X , M.)) . Conversely, If an odd Laplace operator is defined on Map(A', 
an odd Poisson bracket is derived from an odd Laplace operator by a derived bracket: 

{F,G} :=-(-l)l^l[[A,F],G](l). 

A Q-structure 5" on Map(A', A^) S is called a BV action and consists of two parts S = 
So + Sint- S is constructed as follows. We take a fundamental form i) such that UJ = —dd and 
define := if)iii,ey*i!}. We take a Q-structure 6 on and define Sint '■— A**ev*6. I^ol — 
and Sint have degree because fj,^ev* has degree —n — 1. 
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We can prove that is a Q-structure on Map{X,Ai), since 

{6,0} = ^ {5,5} = 0. (2.3) 

from the definition of 5*0 and Si. The right hand side in this equation is called the classical 
master equation on Map(A:', A^). A homological vector field Q = {S, —} has \Q\ = 1. Q is a 
coboundary operator which defines a cohomology, called a BRST cohomology. 
The following theorem has been proved |T]: 

Theorem 2.3 If X is a dg manifold with a compatible measure and Ai is a QP-manifold, 
the graded manifold Map(A', A^) has a QP-structure. 

This geometric structure on Map(A:',A^) is called a topological field theory. A QP- 
structure is the consistency condition of a topological field theory. 
For a graded manifold A/", let A^|o be the degree zero part. 

Definition 2.4 A topological field theory inn+1 dimensions is a triple (X , Ai, S), where 
X is a dg manifold with dim A'Iq = ri + 1, is a QP-manifold of degree n and S is a BV 
action of degree such that {S, S} = 0. 

If X = T[1]X, a QP-structure on Map(A',Al) is equivalent to the BV formalism of a 
topological field theory |2j ^ . The theory is gauge invariant and unitary by physical discussion. 
Thus it provides a consistent quantum field theory. 

^ = {Sint, — } is a generalized connection on X ^ x*{Ai) and Qea[i) = (d + ^)ea(j) is 
a covariant derivative, where ea[i) is a basis of degree i elements. In fact, this coincides 
with a connection form, if a graded manifold constructed from a principal bundle with a 
structure Lie group G and a nonabelian BP Theory in n + 1 dimensions are considered. Since 
Q'^F{e) = (d + A){d + A)F{e) = J'F(e), = is equivalent to the fiatness condition 
J-" = 0, where J-" = dA + AA = is a curvature. The classical master equation {S, 5} = is 
considered as the Maurer-Cartan equation. 
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3 Double and Triple Complexes and Cohomology 



In the AKSZ construction, Q is decomposed to two coboundary operators Q = Qq + Q^^^ 
such that 

Ql = Qlt = 0, 

{Qo,Q^nt} = 0, if k^l, 

where Qq = {Qo> -} and Q^^^ = {Q^^^, -} Qq and Q^^j defines a double complex Cpo'^'i(Qo, Q^^J. 

We are interested in a Q-cohomology class. Let us take a Qj„^-cocycle W such that 
Qint^ — {Q ~ Qo)y^ = 0. W is constructed from Q-cocycle on as x*W . Then since 

Theorem 3.1 

Z5 a Q-cocyde, where 7^ is a k-cycle on X and is an induced measure of ji on 7^. 
W is expanded by 9 as 

n+1 n+1 

k=0 k=0 

By substituting this expansion to the equation Q^W — 0, the following descent equations are 
obtained, 

Qm = 0, 

-dm + QWo = 0, 

-dWn + QWn-l = 0, 

-dWn = 0, 

where Qg — dis used. The following theorem is obtained: 
Theorem 3.2 The integration ofWk on a k-cycle 7^ of X, 

Ok^ [ f^kW^ [ fXkWk 
''Ik ''Ik 

is a Q -cohomology class, 
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by applying the theorem |3. II to Wk- 

Especially, if we consider a Q-exact cocycle: 

W = QU, (3.4) 

Ai*fcVV is a Q-cocycle. Some important geometric objects have these forms. Let a; be a map 
X : X — > M, where M = Aio be a manifold of a degree part of A^. If we consider 
Uq = F{x), a function of x, Q acts as a bundle map (the anchor map) p : E — y TM of an 
algebroid. 

^,iW= I pi QF{x), 

is a Hamiltonian vector field with respect to Q. Let qr" be a section of T*[1]X ® x*{M.i), 
where A^i is a degree one part of A^. If we consider U = q"^, Qq"^ is a generalized curvature. 
The Bianchi identity is = 0. 

is a Q cohomology class. This is a generalization of the 1st Pontryagin class. 

We assume that a Q-structure Q is decomposed to three coboundary operators Q = Q^^-* + 
q(i) + q(2) such that 

(Q^'^^f = 0, 

{Q('=\Q«} = 0, if k^l, 

where Q^^^ = Qq and Qi^t = Q^^^ + Q^'^\ This defines a triple complex CP»'Pi'P2(g ('=)). 
In this case, a Q*-^''-exact cocycle: 

W = Q^^^U, (3.5) 

is nontrivial Q-cocycle if W satisfies Q*-^''VV = and W is not Q^^-*-exact, where lA G 
C°°(Map(A',A^)). 

4 QP Structures of Degree 3 

In this section, we remember a QP-structure of degree 3 and a Lie algebroid up to homotopy 
introduced in the paper [T6] . 
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4.1 P-structures 



Let E ^ M he a vector bundle over an ordinary smooth manifold M. The shifted bundle 
E[l] — M is a graded manifold whose fiber space has degree +1. We consider the shifted 
cotangent bundle Ai := T*[3]£'[l]. It is a P-manifold of the degree 3 over M, 

T*[3]E[1] ^M2^ E[l] M. 

In fact M2 is E[l] © E*[2\. The structure sheaf C°°{M) of M is decomposed into the 
homogeneous subspaces, 

where C*(A^) is the space of functions of degree i. In particular, C^{A4.) = C°°{M): the 
algebra of smooth functions on the base manifold and C^{Ai) = TE*: the space of sections 
of the dual bundle of E. We have C^{M) = TE ®T E* . 

Let us denote by (x, q,p, ^) a canonical (Darboux) coordinate on Ai, where a; is a smooth 
coordinate on M, q is a fiber coordinate on £"[1] — )■ M, {^,p) is the momentum coordinate on 
T*[3]i?[l] for {x,q). The degrees of the variables {x,q,p,^) are respectively (0,1,2,3). 

For the canonical coordinate on Ai, the symplectic structure has the following form: 

u = Sx'SC, + 6q''6p„ (4.6) 

4.2 Q-structures 

Definition 4.1 (see also Remark 3.3.3 in JTS^J) Consider a monomial ^'^p'q^ on a local chart 
{U; X, q,p, ^) of Ai, of which the total degree is 3i + 2j + k. The bidegree of the monomial 
is, by definition, (2(i + j),i + k). 

The bidegree is globally well-defined. We consider a Q-structure, Q = {©,—}, on the P- 
manifold. It is required that 6 has degree 4. That is, 6 G C^i^Ai). Because C^(A^) = 
C"^'°(A^) © C^'^(A^) © C°'^{M), the Q-structure is uniquely decomposed into 

e = ^2 + ^13 + 0,, 
In the canonical coordinate, G is the following polynomial: 

= fi\ix)i,q'^ + lf2''\x)p,p, + \f,\c{x)p,q'q' + \,UaU^)q''q\'q\ (4.7) 



8 



and the substructures are 

where /1-/4 are structure functions on M. One can easily prove that the classical master 
equation {©, 0} = is equivalent to the following three identities: 

{^13,^2} = 0, (4.8) 
^{^13, ^13} + {^2, ^4} = 0, (4.9) 
{^13,^4} = 0. (4.10) 

4.3 Lie algebroid up to homotopy 

Definition 4.2 Let Q = ^2 + ^13 + O4 be a Q-structure on T*[3]E[1\, where (^2,^13,^4) is 
the unique decomposition ofQ. We call the quadruple {E; 92,013,64) a Lie algebroid up to 
homotopy, in shorthand, Lie algebroid u.t.h. 

Let us define a bracket product by 

[ei,e2] :={{^i3,ei},e2}, (4.11) 

where Ci, 62 G VE. The bracket is not necessarily a Lie bracket, but it is still skewsymmetric: 
A bundle map p : E ^ TM which is called an anchor map is defined by the following identity: 

p(e)(/) := m3,e},/}, 

where / G C°°(M). The bracket and the anchor map satisfy the algebroid conditions (AO) 
and (Al) below: 

(AO) p[ei,e2] = [p{ei),p{e2)], 

(Al) [ei, fe2] = /[ei, 62] + p(ei)(/)e2, 

where the bracket [p(ei), p(e2)] is the usual Lie bracket on TTM. The structures 613, O2 and 
6*4 define the three operations: 
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• 5(— ) := {6*13, — }; a de Rham type derivation on T A' E*, 

• (q;i,Q!2) := {{6*2, tti}, a2}; a symmetric pairing on E*, where ai,a2 G TE*, 

• Q{ei,e2, 63, 64) := {{{{{6*4, Ci}, 62}, 63}, 64}; a 4-form on E. 

The pairing induces a symmetric bundle map d : E* ^ E which is defined by the equation, 
(«!, = {dai , 02), where (— , — ) is the canonical pairing of the duality of E and E*. Since 

(a , e) = {a, e}, we have 

da = —{62, a}. 

We get an explicit formula of the Jacobi anomaly from {0,0} = 0: 
(A2) [[61,62], 63] + (cyclic permutations) = 19^(61,62,63). 
In a similar way, we obtain the following identities: 
(A3) pd = 0, 

(A4) p{e){ai,a2) = {CeO:i,a2) + (Q;i,£eQ;2), 

(A5) 6n = o, 

where Ce{—) ■= {{6*13, 6}, — } is the Lie type derivation which acts on E*. 

Thus, the Lie algebroid up to homotopy is characterized by the algebraic properties (Al)- 
(A5) r One concludes that 

Theorem 4.3 The classical algebra associated with the QP-manifold (T*[3]£'[l], O) is the 
space of sections of the vector bundle E with the operations {[■,■], p,d,Q) satisfying (Al)- 
(A5). 



5 Donaldson Polynomials from AKSZ TFT in 4 Dimen- 
sions 

A general AKSZ construction in section 2 is applied to a QP manifold of degree 3. Let us 
take a manifold X in 4 dimensions and a manifold M m. d dimensions. For a graded vector 
bundle E[l] on M, take X = T[1]X and M = T*[3]E[1]. 
Actually, the axiom (AO) depends on (Al) and (A2). 
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(cr^, is a local coordinate on T[1]X. is a local coordinate on the base manifold X of 
degree zero and O'^ is one on the fiber of r[l]X of degree 1, respectively, is a smooth map 
: X — ^ Mand 1^ is a section of T*[1]X (^x*{T*[3]M), q"" is a section of T*[1]X ®x*{E[l]) 
and is a section of T*[l]X(g)a:;*(T*[3]£'[l]). The exterior derivative d is taken as a differential 
D on X. These are called superfields. From d, a differential d = 0^-^ on is induced. 

Then a BV action S has the following expression from (14. 6 p and (14. 7p : 

= 5*0 + Sint, (5.12) 

So = [ d^ad^e{^,dx' -p^dq''), 
Jx 

S^nt = d'ad'9 {^fi\{x)i,q'' + \f2''\x)p^p, + ]^h\,{x)p^q'q^ + \^haUx)q''q'q'q' 
where n = d'^ad^O. We introduce a tridegree. 

Definition 5.1 Consider a monomial ^^^p'q^x^ a™" 9^ on a local chart o/Map(A:', Ai), of which 
the total degree is 3i + 2j + A; + n. The tridegree of the monomial is, by definition, {2{i + 
j),i + k,n). 

First two degrees in tridegree are ones induced from bidegree on Ai. Smt is decomposed to 
three terms as 

^13 = J/'^d'^ [fia{x)is'' + \h\c{x)p^q'q'^, 
S2 = I d^ad^e ^f2''\x)p,p„ S, = I d'ad^e ^f^ab^q'^qW- 

and denote = {Si,—} for i = 0,1,2,3,4. Qq has tridegree (0,0,1), Q^^ has (0,1,0), Q2 
has (2, -1,0) and Q4 has (-2, 3, 0). 



5.1 Topological Yang-Mills Theory 

Let us consider a Lie algebra g and the vector bundle which is a vector space on a point. The 
P-manifold over g — t- {pt} is isomorphic to = g*[2] © ^[1] and the structure sheaf is the 
polynomial algebra over g[2] © 0*[1], 



C^{M) = S{g)^/\Q* 
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We assume that g is semi-simple. Then the dual space g* has a metric, (■, ■)k-^, which is the 
inverse of the Killing form on g. A Q-structure is constructed as follows: 

e := ^2 + ^3 = Ik^'PaPt + IrtcPjq'', (5.13) 

where p. G g, g. G g* and k°'^PaPb '■= ("j")^-!) and /"'be is the structure constant of the Lie 
algebra g. 

f l5.13p is obtained by setting = = and 

fi\{x) = 0, f,-\x) = k'=^' = 5''\ h\c{x) = f\,, habcd{x) = 0. (5.14) 

in (14. 7p . Here the orthogonal basis such that A;"* = 6""^ is taken. A topological field theory in 
4 dimensions is constructed from Equation flS.lSp : 

S = Sq -\- S2 -\- 

= i-pM"" + ip>a + lf\cPaq'q'^ ■ (5.15) 

Since 



Ql = Ql = Ql = 0, 

{Qfc,QJ = o, if k^i, 

is satisfied from Equation f l4.8p -( HrT0|) . Qq, Q2 and Q3 define a triple complex structure 
assigned tridegree C^^^^^\Qf^) where fc, / = 0, 2, 3. 
The differentials with respect to and p„ are 

Qq^ = dq'^-p^-^rb^q'q'^, 

QPa = dp^-facPbQ^- 

We expand q"^ and p^ by 6^ and denote components of superfields as 

k=0 k=0 



4 4 

,(fc) 

A;!" 



k=0 k=0 
Va + ta + Ha + A+ + C+ 
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The Q differentials on the component fields are 

QA" = e -de" - r,,cA^c^, 

QVa = -facVbC", 

Qta = dVa- facihd' -V,A'), 

which recover the BRST transformations of a topological Yang- Mills theory f2Tj. |^ 
Let us consider U = —PaQ"^ £ C^^'-'^'°)(Q^'^^) and a Qg-^xact cocycle: 

= -^Q2(-Paq") = -^(p,p)ir- 



— tr 
2 



is a Qj„j-cohomology class because Q3W = from p = in the identity (A4), where tr is a 
trace with respect to the Killing form. If all the antifields p'-^^ and p*^^^ are set to zero and 
the equation of motion for pi, is used: 

W2 becomes the following form: 

W2 = -hi[{v + t-Ff]=-hi[{-i(t> + iij~Ff] 

= -^trF^ + ititpF + tr Qv^^ - i(/)F^ - tr?/)(/) + ^tr^^, 

which is an original Donaldson polynomial invariant in the topological Yang-Mills theory 

[E] [20] [21] . Here Va = —i(l)a and ta = ii/Ja- More generally, the trace of times of Q2 exact 
cocycles, — p° = 

Wn = CNti {~p"f = c^tr iQ^q")^ e C(2™)(Q(^)), 

is a Qj^^-invariant polynomial Qmt^N = 0, because = ~[p^q]°'- Here cat is a 

normalization constant. Wat is expanded by the order of ^'s as 

A:=0 k=0 



"^Notation in the paper 21; is Va = — i0a and ta — iipa- 
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By substituting this expansion to the equation Qint^N = (Q — Qq)^n = and considering 
descent equations, the following theorem is obtained from the theorem fl3.2p : 

Theorem 5.2 The integration ofW^^^ on a k-cycle 7^ of X , 

is a Q-cohomology class. 

Since Wjv is Q2-Q'^^ct, there exists a Chern-Simons form X^r such that 

An original action of the topological Yang-Mills theory is derived by carrying out a gauge 
fixing of the AKSZ action flS.lSp and restricting the theory to a Lagrangian submanifold. In 
order to fix gauge, two antighosts and two Nakanishi-Lautrap Lagrange multiplier fields are 
introduced. A" is a Grassmann even scalar field of ghost number —2 and i]"- is a Grassmann 
odd scalar field of ghost number —1. and r]^ are their Hodge dual antifields. is a 
Grassmann odd two form (a function of 6"^) of ghost number —1 and is a Grassmann even 
two form of ghost number 0. and xt their Hodge dual antifields. A gauge fixing term 
is added to the action S: 

Sgf= [ d'ad'9{r^'^Xt + Cxt)- (5.16) 
and a following gauge fixing fermion term is considered: 

^ = ^ (iVd^^ (^\''{Da * t)a + TfecAaA^ + (^a " + ^fabJix' ~ ) , (5-17) 

where (-D^$)a = d^a + /''acA^'^b and (Da^)"' = + /"hc^^^"' are covariant derivatives. 
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The gauge fixing conditions are 



" ~ dA''~ 



dH, 



a 



"a 

e = 0, 

where Ha = Ha — *Ha and = ~" *X" ^-^e selfdual parts of each field. The gauge fixed 
action becomes 

S + Sgf\ = j Qi^' + HaF'' + CHa - VaDA * D aX"" + r/»D^ * ta - taDAX" 

If we delete Ha by the equations of motion, we obtain the action of a topological Yang-Mills 
theory 1^122]: 

S + Sgf\ = j (y-\P"Fa - VaDA * DaX" + T^" D a * 4 - 4^^^ " /^A^tfe * t)j . 

6 Other Examples 

6.1 ^4 = 

In this case, the bracket (14. lip satisfies (AO), (Al) and the Jacobi identity. Therefore, the 
bundle E ^ M becomes a Lie algebroid: 

Definition 6.1 (f2^) A Lie algebroid over a manifold M is a vector bundle E ^ M with 
a Lie algebra structure on the space of the sections TE defined by the bracket [61,62] for 
61,62 G TE and an anchor map p : E ^ TM satisfying (AO) and (Al). 



^The original notation in the paper 22 is Va = <j)a and ta = —ijja- 
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Let us take {cq} as a local basis of TE and a local expression of an anchor map p{ea) = 
Piaix)^ and a Lie bracket [e;,,ec] = fi"'bc{x)ea- The Q-structure © associated with the Lie 
algebroid E is defined as a function on T'*[3]^[l], 

© ^123 := fia{x)i,q'' + \f2''\x)p,p, + \h\c{x)pjq\ (6.18) 

which is globally well-defined. Here |/2"''(a;)PaP{, is a symmetric pairing on E*. 
The AKSZ construction derives the Q-structure 

S^So + S^z + S2. (6.19) 

S defines a Chevcllcy-Eilcnbcrg differential on Map(A',A^). If we construct W such that 
Qiniy^ = 0, /i*fcW is a Chevelley-Eilcnbcrg cohomology class on a Lie algebroid E. 
The theory has a triple complex structure because 

{Qfc,Q/} = o, if k^i, 

where /c, / = 0, 13, 2. If we consider W2 = (Qa^, Q29)> Qmt>^2 = since Q2W2 = Q13W2 = 0. 
Therefore //*>V2 is a Q-cohomology class and W2 is a generahzation of a Donaldson polynomial 
for a Lie algebroid. 

6.2 ^2 = 

In this case, A Q-structure Q is decomposed to Q = Qg + Qia + Qa 

Qo = Q?3 = Q4 = 0, 

{Q„QJ = 0, if fc^/. 

Therefore Q^^, Q4 define a triple complex structure. 

An important cocycle is W = Qi{\Pa^"')^ This is a Q^^^ invariant class and its integration 
defines a Q-cohomology class. Since W = ^ fAahcd{x)q"'q^q'^q'^, J.^ /i W e Hjj^{f\E*,5), 
which classifies a QP-structure of degree 3 in ^2 = case. 
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